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We analyze the stability of sessile laments (ridges) of nonvolatile liquids versus pearling in
the ase of externally driven ow along a hemial stripe within the framework of the thin lm
approximation. The ridges an be stable with respet to pearling even if the ontat line is not
ompletely pinned. A generalized stability riterion for moving ontat lines is provided. For large
wavelengths and no drive, within perturbation theory, an analytial expression of the growth rate of
pearling instabilities is derived. A numerial analysis shows that drive further stabilizes the ridge by
reduing the growth rate of unstable perturbations, even though there is no omplete stabilization.
Hene the stability riteria established without drive ensure overall stability.
PACS numbers: 68.15.+e, 68.03.Cd, 68.03.-g
Keywords: pearling instability, hemial hannel, mirouidis
I. INTRODUCTION
In the last deade substantial eorts have been invested
in integrating hemial proesses into mirouidi sys-
tems known as labs on a hip [1, 2, 3℄. These mirou-
idi devies do not only allow for heap mass prodution
but they an also operate with muh smaller quantities
of reatants and reation produts than standard labo-
ratory equipments.
In this ontext both losed and open hannel systems
are onsidered for uid transport. While losed hannels
are prone to logging by, e.g., olloids or large biopoly-
mers, the uid in open hannel systems has less fri-
tion beause it is in ontat with less substrate mate-
rial, and prodution is possibly heaper. The substrate
surfaes an be strutured hemially by printing or pho-
tographi tehniques. Coneptually, the liquid is guided
by lyophili stripes on an otherwise lyophobi substrate
[4, 5, 6, 7℄, i.e., it is onned by laterally varying sub-
strate potentials, ating as hemial walls.
Here we analyze the stability of homogeneously lled
hemial hannels with respet to pearling, i.e., breakup
into a string of droplets. For all ontat angles, on ho-
mogeneous substrates sessile laments (ridges) of non-
volatile liquids are unstable with respet to pearling, even
in the presene of line tension [8, 9, 10℄. However, in the
ases that the ontat line is innitely sti or pinned, e.g.,
at the edges of a hemial hannel formed by a lyophili
stripe on an otherwise lyophobi substrate, the instabil-
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ity is suppressed if the ontat angle of the liquid-vapor
interfae with the substrate is smaller than 90◦ [11, 12℄.
Moleular dynamis simulations have onrmed this even
at the nano-sale [13℄.
From these results it is not lear whether omplete pin-
ning is required to stabilize a liquid ridge. In an atual
sample the three phase ontat angle will not vary step-
like at the hannel edge. One rather expets a gradual
transition, whih leads to a partial stabilization: the on-
tat line an move but the lateral variation of the eetive
ontat angle will impose a restoring fore.
In this paper we use a mesosopi hydrodynami model
to desribe a nonvolatile uid on a hemial stripe with
suh partial stabilization by realisti (i.e., not step-like)
edges. We use a numerial sheme based on the thin
lm approximation, assuming a sharp liquid-gas inter-
fae, partial wetting on both the stripe and the embed-
ding substrate, small ontat angles, and smooth lateral
variations of the disjoining pressure. Analytial estimates
an be obtained within appropriate marosopi approx-
imations, the validity of whih we disuss in the ontext
of nite size issues.
In aordane with King et al. [14℄, without drive and
on a homogeneous substrate we nd that ylinder-like
sessile ridges are stationary but prone to a Rayleigh-
Plateau type pearling instability. We generalize the an-
alytial marosopi stability riterion for liquid ridges
on hemial hannels with sharp boundaries [6, 9℄ to the
ase of smooth hemial steps. A linear stability anal-
ysis allows us to aount for the ourrene of large-
wavelength pearling, both numerially and analytially.
The presene of a hemial stripe partially stabilizes the
ridge with respet to pearling. The analytial riterion
for the stability of a pinned ridge is in good aordane
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FIG. 1: Shemati view of the investigated system. The sub-
strate is topographially at, invariant in the y diretion,
hemially heterogeneous and 2L-periodi in the x diretion.
A liquid ridge forms above the lyophili stripe (grey) of width
2x0 entered on the y-axis and a wetting lm overs the sur-
rounding lyophobi regions (blak). A body fore aligned with
the y-axis (aused, e.g., by a substrate tilt) generates ow
along the stripe. The loal lm thikness at time t is given
by H˜(x, y, t). Depending on the harateristis of the hem-
ial stripe, the ridge may be subjet to pearling instabilities
(exaggerated).
with the stability domain found numerially. We also
nd a quantitative agreement between the growth rate
of long-wavelength pearling obtained from numerial sta-
bility analysis and its orresponding analytial expression
obtained by a perturbative analysis.
External drive applied along the ridge always has an
overall stabilizing eet. However, drive never om-
pletely stabilizes an unstable liquid ridge but merely
shifts the domain of unstable modes to larger wave
lengths.
In the next setion II we introdue the system we on-
sider as well as the numerial method we use, along with
a disussion of nite size eets. In Se. III we introdue
the dimensionless thin lm equation and the parametriza-
tion of the hemial stripe. We analyze the stationary
solutions in Se. IV and their linear stability in Se. V.
We summarize and onlude in Se. VI.
II. DESCRIPTION OF THE SYSTEM
As illustrated in Fig. 1 we onsider a visous, inom-
pressible, and nonvolatile uid on a partially wetting
substrate featuring a straight hemial hannel, i.e., a
lyophili stripe with marosopi axial extension sepa-
rating two lyophobi domains. The equilibrium ontat
angle is smaller on the hannel than on the surround-
ing, marosopially wide, homogeneous substrate. For
reasons given below, our analysis requires a nite spatial
extent 2L in the transverse x diretion. For onveniene
we assume periodi boundary onditions at x = ±L . L
is taken to be large enough so that the stripe of width
2 x0 an be onsidered as isolated. In this hemial han-
nel a liquid ridge of loal thikness an be formed if the
amount of liquid is suiently large. The loal thikness
H˜(x, y, t) inludes possible variations in the viinity of
the ridge-like stationary solution.
For suh a onguration, the lm has an almost uni-
form thikness H
lm
= H˜(±L, y, t) far from the stripe
and one an dene the exess ross setional area
V
ex
(x, y) =
∫ L
−L
dx
[
H˜(x, y, t)−H
lm
]
(1)
of the liquid in the hannel. For y-invariant stationary
solutions this quantity orresponds to the exess volume
of liquid per unit length on top of the wetting lm and
thus adequately haraterizes the extra amount of liquid
in the system independently of the nite lateral size 2L.
We onsider a nite lateral system size for the follow-
ing reason. Given a onguration in whih a marosopi
ridge is in stable mehanial equilibrium with the wetting
lm on a substrate of nite width, extending the system
size 2L at onstant exess ross-setion eventually leads
to an unstable onguration: upon transferring liquid
from the ridge into the wetting lm the pressure inside
the ridge inreases more than in the wetting lm and the
ridge will drain into the lm. Therefore the only glob-
ally stable onguration on arbitrarily large substrates
is a basially at wetting lm with a slightly inreased
thikness above the hannel [15℄.
Thus the existene of stable ridges is formally a pure
nite size eet. However, as will be disussed in Se. IV,
the limit of stability versus pearling at a given system size
an orrespond to a width of the ridge whih is small with
respet to the lateral extent of the system. Hene there
is a wide range of ongurations for whih the quanti-
ties relevant for the dynamis of the ridge are primarily
determined by marosopi quantities suh as the exess
ross-setion Vex, whih do not depend on the system
size.
Within our approah the thin lm around the liquid
ridge plays an auxiliary role. It failitates the mobility
of the edges of the ridge, but ontributes negligibly to
the dynamis within an appropriately hosen range of
ongurations.
A body fore aligned with the hannel (e.g., gravity if
the substrate is tilted as illustrated in Fig. 1  the om-
ponent normal to the substrate an be negleted) drives
the liquid along the hemial stripe. Our goal is to es-
tablish and disuss both analytially and numerially the
onditions of linear stability of a driven ow in a ho-
mogeneously lled hannel, in partiular with respet to
pearling.
Sine liquid ridges with ontat angles larger than 90◦
are unstable even for pinned ontat lines, we restrit
our analysis to small ontat angles using the thin lm
approximation [16℄. As will be shown below, the trans-
lational invariane of the base state eetively redues
the orresponding boundary value problem to a set of
ordinary dierential equations for the base state and to
3an eigenvalue problem for ordinary dierential equations
for the linear stability analysis. An analytial analysis is
possible in the limit of large wavelengths of the pearling
perturbation and without drive.
In the general ase, we solve the equations numerially
using the software Auto2000 [17℄. Within this numeri-
al approah, instead of looking for a non-trivial solution
in a ompliated system, one starts with a simple ong-
uration for whih the solution is known. In the present
ase the latter is a at wetting lm on a homogeneous
substrate. By gradually inrementing the system param-
eters towards non-trivial values, one is able to explore
a domain of non-trivial solutions ontaining the simple
starting point. In the present ase, the most important
system parameters are the hemial ontrast between the
hannel and the embedding substrate, the exess ross-
setion, drive, and the wavenumber of the perturbation.
As for the expliit dependene of the substrate hetero-
geneity on the lateral oordinate x, treating x as a part
of the solution vetor renders the system autonomous as
required by Auto2000.
III. THIN FILM DYNAMICS
In the limit of small gradients (i.e., long wavelengths),
the dynamis of a thin lm of a Newtonian, nonvolatile
visous liquid is well desribed by the standard thin lm
equation for the loal lm thikness H˜(x, y, t) (see, e.g.,
Ref. [16℄). In view of future purposes, we deompose
it into a onservation equation (2a), an expression (2b)
for the lateral ow J˜, and an equation (2) for the loal
pressure P˜ :
∂H˜ (x, y, t)
∂t
= −∇ · J˜
[
x, H˜ (x, y, t)
]
, (2a)
J˜
(
x, H˜
)
= −Q(H˜)
η
∇
[
P˜ (x, H˜)− ρgy
]
, (2b)
P˜
(
x, H˜
)
= −Π(x, H˜)− σ∇2H˜ . (2)
The pressure in Eq. (2) is the sum of the Laplae
pressure, whih is proportional to the surfae tension
oeient σ, and the disjoining pressure Π(x, H˜) =
−∂Φ(x, H˜)/∂H˜. We hoose [.f. Eq. (3)℄ the same fun-
tional form for the eetive interfae potential Φ(x, H˜)
as frequently used in the ontext of wetting phenomena
(see, e.g., Ref. [18℄ and Refs. [19℄ and [20℄ for rened ver-
sions). However, the eetive interfae potential is an
equilibrium onept and the dynamis in a wetting lm
a few moleular layers thik is ertainly not given by hy-
drodynamial equations. In this sense the repulsive part
of Π (or Φ) serves the purpose of keeping the liquid lm
thikness nonzero even on the lyophobi substrate and
thus allows the three phase ontat line to move even in
the absene of hydrodynami slip at the liquid-substrate
interfae. Moreover, as desribed below, the variation of
the ontat angle between the hannel and the substrate
is enoded in the x-dependene of Φ. The third aspet
taken are of by Φ is to inlude the inuene of long-
ranged dispersion fores on the dynamis in the hannel.
Thus we do not expet Eq. (2) to be an aurate desrip-
tion of the mirosopi dynamis near the ontat line
and in the wetting layer; rather, it bears some onep-
tual similarities with a phase eld equation (a numerial
method introdued in the ontext of rystal growth, see,
e.g., Ref. [21℄) for the three phase ontat line. In par-
tiular, here it is not neessary to take the loation of
the edge into aount expliitly. Also, sine we do not
disuss wetting transitions within this model, we do not
expet a strong dependene of our results on details of Φ,
in partiular not on the preise form of its short-ranged
repulsive part and of other subdominant terms.
The additional pressure term ρ g y in Eq. (2b) models
the applied drive with aeleration g of the mass density
ρ. The mobility fator Q(H˜)η =
H˜3
3η results from the in-
tegration of the Poiseuille type veloity prole over the
vertial oordinate. Here we neglet drag by a vapor
phase on the liquid-vapor interfae and slip at the sub-
strate [22℄.
The thikness H˜, the pressure P˜ , and the ow J˜ de-
pend on the transverse oordinate x. Sine the hemial
heterogeneity of the substrate is symmetri with respet
to x = 0 and the driving fore is aligned with the y axis,
the stationary ongurations exhibit the same symmetry.
Here we fous on the symmetri pearling mode (see
Fig. 1) and thus we onsider only the interval x ∈
[0, L]. Due to symmetry and the 2L-periodiity, odd-
order derivatives of the lm thikness with respet to x
vanish at x = 0 and x = L, for both the stationary prole
and the perturbation.
In the following the visosity η, the surfae tension σ,
and the mass density ρ an be set to 1 by resaling time,
the lateral oordinates (x, y), and the drive, respetively
[23℄. The remaining degree of freedom, i.e., the sale of
the vertial oordinate, is used to set a ertain thikness
to 1, whih simplies the expressions of Φ and Π appear-
ing in our model (see below).
The eetive interfae potential we use to model partial
wetting is a two-term power law with attration (A(x) >
0) at long range and repulsion (B(x) > 0) at short range:
Φ
(
x, H˜
)
= −1
2
A(x)
H˜2
+
1
8
B(x)
H˜8
. (3)
The two terms follow from integrating the liquid-liquid
and liquid-substrate Lennard-Jones pair potentials [20℄,
assuming a homogenous substrate. We model a hem-
ially inhomogeneous substrate by eetive amplitudes
A(x) and B(x), aounting for a loal equilibrium wet-
ting lm thikness a(x) =
[
B(x)
A(x)
]1/6
and an ensuing ef-
4fetive loal ontat angle [19℄
θeq(x) = arccos{1 + Φ [x, a (x)] /σ}
= arccos
{
1− 3A(x)
8σ [a(x)]
2
}
. (4)
Sine in the present study we do not assign a quan-
titative meaning to the residual lm but use it in order
to failitate ontat line mobility, for numerial onve-
niene we hoose B(x) ∝ A(x), so that a = const is uni-
form over the whole substrate. Aording to Eq. (4) the
ontat angle ontrast is then provided by the amplitude
A(x), whih we refer to as the Hamaker onstant, inor-
porating the ommonly used prefator (6pi)
−1
[18, 19℄.
Thus, within our model for the hemial heterogeneity
and the thin lm approximation, Young's law provides a
loal relation between the equilibrium ontat angle and
the Hamaker onstant:
A(x) =
4
3
a2σ [θ
eq
(x)]
2
. (5)
In order to desribe a hemial hannel we hoose A(x)
to be a smooth, 2L-periodi funtion of the transverse
oordinate x, symmetri around x = 0, with well-dened
plateau values both inside the stripe (A
in
for |x| ≪ x0)
and on the surrounding substrate (A
out
for x0 ≪ |x|).
At the edges of the stripe, A(x) varies smoothly over an
eetive step width w. A hemial hannel is thus har-
aterized by the stripe width 2 x0, the step width w, and
the hemial ontrast A
out
− A
in
. For the subsequent
numerial analysis we hoose the following expliit fun-
tional form for A(x):
A(x) = A
in
+
A
out
−A
in
2
[1− tanh f(x)] (6a)
f(x) = 2L
cos pixL − cos pix0L
piw sin pix0L
. (6b)
The orresponding struture of the hemial step near
the hannel edge is illustrated in Fig. 2.
In order to resale the thin lm equation, we take the
residual lm thikness a as the vertial length sale of the
problem so that in these units Φ attains its minimum
at H˜ = 1. We also take Ain as a referene Hamaker
onstant. Equations (2a-) then yield a lateral length
sale λ = a2
√
σ/Ain, a pressure sale Ain/a = σa/λ
2
, a
time sale τ = η λ
4
σ a3 , an aeleration sale γ =
σ a
ρ λ3 , and a
sale fator for the slopes: δ = aλ ≪ 1. We note that these
sales, just like a and Ain, are arbitrary (but suitable) and
merely provide a onsistent way to render the equations
dimensionless with a minimal set of independent system
parameters left. For example, the lateral length sale λ
is given by λ =
√
6ξ‖, where ξ‖ =
√
σ/ ∂
2Φ
∂H˜2
(a) is the
lateral orrelation length of the interfaial height-height
orrelation funtion in thermal equilibrium [19℄.
Aordingly, in the following all quantities are dimen-
sionless (i.e., eetively, σ, η, and ρ are set to 1). In
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FIG. 2: Present model of the hemial step of width w = 1
with A
out
= 4 and A
in
= 1 as used in the numerial analysis.
In the limiting ase of innite lateral extent 2L, Eq. (6b)
redues to f(x) = 2x−x0
w
. (a) Eetive interfae potential Φ
and disjoining pressure Π at the hannel enter x = 0 [see
Eqs. (6b), (8), and (10)℄. (b) Laterally varying amplitude
A(x) as dened in Eq. (6). () Contour plot of the eetive
interfae potential Φ near the hannel edge. Note that the
position H˜ = 1 of the minimum of Φ as a funtion of H˜ is
independent of x.
order to avoid lumsy notations from now on we use the
same symbols for the dimensionless quantities so that the
dimensionless evolution equation is given by
∂H˜ (x, y, t)
∂t
= −∇ · J˜
[
x, H˜ (x, y, t)
]
(7a)
J˜
(
x, H˜
)
= −Q(H˜)∇
[
P˜ (x, H˜)− g y
]
(7b)
P˜
(
x, H˜
)
= −Π(x, H˜)−∇2H˜ (7)
where Π and Q are dened as
Π
(
x, H˜
)
= − ∂Φ
∂H˜
= −A(x)
(
1
H˜3
− 1
H˜9
)
(8)
and
Q = H˜3/3 , (9)
while the resaled Hamaker onstant A(x) takes the form:
A(x) = 1 +
A
out
/A
in
− 1
2
[1− tanh f(x)] . (10)
5Sine the slopes have been resaled by δ = a/λ ≪ 1,
they are no longer small. In partiular, the resaled on-
tat angle θ¯eq(x) = θeq/δ =
1
2
√
3A(x) equals θ¯in =
1
2
√
3
inside the stripe and θ¯out =
1
2
√
3Aout/Ain outside the
stripe. In the following we adopt the overbarred notation
for the resaled ontat angle in order to avoid onfusion.
IV. STATIONARY SOLUTION
For the stationary solution of Eq. (7) there is only ow
along the hannel and the system is translationally in-
variant in the y diretion. The stationary lm prole
H˜stat = H(x) is given by
−Π [x,H(x)] −H ′′(x) = P, (11)
whih is the same equation as the one haraterizing the
equilibrium prole in the absene of ow. Here the pres-
sure P is independent of x, y, and t, and it is a free
parameter whih is determined by the exess amount V
ex
of liquid present in the hannel. The loal urrent is
J = (0, Jy(x), 0), with Jy(x) = g Q [H(x)].
With the disjoining pressure in Eq. (8) a trivial solu-
tion of Eq. (11) is H = 1 and P = 0. Homogeneous on-
tinuation allows us to reah numerially the non-trivial
solutions H(x) by ontinuously varying the parameters
of the problem, i.e., P (or V
ex
) and the hemial ontrast
A
out
−A
in
. As long as Aout −Ain = 0 , parameters suh
as the eetive edge width w do not aet the trivial so-
lution and thus an be set to desired values before the
ontinuation.
First, we analyze the pressure P as a funtion of the
exess ross-setion V
ex
[see Eq. (1)℄ and how it is af-
feted by the hemial heterogeneity of the substrate [see
Fig. 3(b)℄. Eah point (V
ex
, P ) orresponds to a liquid
ridge [Fig. 3(a)℄ entered around the axis of the hemial
hannel. The outer part of the substrate is overed by
a lm of thikness lose to 1, whih is governed by the
disjoining pressure. In the entral region of the ridge, the
thikness is large so that due to the vanishing of Π for
large H the prole is determined by the apillary term
H ′′(x) in Eq. (11). The edges of the liquid ridge an be
loated inside the hannel (i.e., at |x| < x0), be pinned
at the hemial steps (i.e., at ||x| − x0| ≤ w), or spill
onto the surrounding substrate (i.e., at |x| > x0). In that
latter ase, the hannel will have little eet on the sys-
tem, and a spilling ridge has properties similar to those of
a ridge on a homogeneous substrate without a hemial
hannel.
The major features of the (Vex, P ) diagram in Fig. 3(b)
are the following. If the edge of a large ridge (i.e., apex
height ≫ 1) is well inside or well outside the hannel,
P (Vex) exhibits a power law P ∝ V −1/2ex with a prefator
whih inreases with the equilibrium ontat angle θ¯eq .
In the semi-marosopi limit the prefator is given by
Eqs. (5) and, .f., (15). For edges pinned at suiently
sharp hemial steps (i.e., for suiently small w) the
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FIG. 3: (a) Stationary ross setion proles of the liquid ridge
on a hemial hannel of half width x0 = 50 and with edges
of eetive width w = 10 for exess ross-setions V
ex
= 0,
500, 1000, 2000, 3000, and 4000 [see Eq. (1)℄. Also shown is
the lateral dependene of the Hamaker onstant A in units
or Ain and its main features as given by Eq. (6). A/Ain = 1
and A/Ain = Aout/Ain = 4 orrespond to θin =
√
3
2
δ and
θ
out
=
√
3δ, respetively (δ = a/λ is the sale fator for the
slopes, with the lateral sale λ = a2/
p
σ/Ain). (b) (P, Vex)
for the same values of A
in
and A
out
as in (a) for w = 10
(dashed line, with dots indiating those systems whih the
proles in (a) orrespond to), 20 (dash-dotted line), and 30
(solid line) . The thinner lines orrespond to the power laws
P ∝ V −1/2ex given by Eqs. (5) and (15) for ridges resting on
homogeneous substrates orresponding to the outside of the
hannel (dash-double-dotted) and to the inside of the hannel
(dotted). For w & 30 , P (V
ex
) is monotoni while for w . 30
there is a range of ross-setions for whih
dP
dV
ex
> 0.
rossover between the power laws orresponding to the
inner and outer parts of the hannel features a hange of
sign for the slope
dP
dVex
. The latter feature is important
for the main fous of our study, beause
dP
dVex
> 0 will
turn out as the riterion of ridge stability.
In the following we rst analyze a ridge on a homoge-
neous substrate, governed by apillarity and resting on a
lm the thikness of whih is determined by the eetive
interfae potential. From these semi-marosopi onsid-
6erations we derive the power law P ∝ V −1/2ex and disuss
features and limitations of the semi-marosopi model
whih will be relevant for the pearling instability to be
disussed in Se. V.
Assuming that the expression for P in Eq. (7) redues
to −∇2H for the ridge, and to −Π for the wetting lm,
we obtain, for a homogeneous substrate, the following
simple shape for a ridge of half-width r:
H(x) =
{
Hfilm +
P
2
(
r2 − x2) if |x| < r ,
Hfilm if r < |x| . (12)
The wetting lm thikness Hfilm = 1 + P/
(
8θ¯2eq
)
is ob-
tained by solving −Π(Hfilm) = P for Hfilm ≈ 1 and
P ≪ 1. The half-width r is determined by the on-
tat angle aording to tan(θ¯) =
∣∣∂H
∂x (x = r)
∣∣ δ so that
θ¯ = θ/δ ≃ P r. The ontat angle θ¯ of the ridge depends
on the pressure P via Hfilm:
θ¯ =
1
δ
arccos [1 + Φ(Hfilm)/σ] . (13)
However, to leading order in P this is simply the equilib-
rium ontat angle θ¯eq =
1
δ arccos [1 + Φ(a)/σ] given by
Eq. (5) and the rst orretion is quadrati in P .
In order to justify the auxiliary role of the thin lm de-
spite the intrinsi lateral nite-size eet (see Se. II), we
investigate that regime in whih the marosopi har-
ateristis of H(x) dominate. For the shape given by
Eq. (12) and with P = θ¯/r one obtains for the ross-
setion V =
∫ L
−L
H(x)dx and the exess ross-setion Vex
the following expressions:
V − Vex = 2L
(
1 +
P
8 θ¯2
)
= 2L
(
1 +
1
8 θ¯ r
)
(14)
and
Vex =
2
3
Pr3 =
2
3
θ¯r2 =
2
3
θ¯3/P 2. (15)
Equation (15) implies that for xed θ¯ one has P ∝ V −1/2ex .
In order to ensure that the lm at x = ±L is indeed at,
one has to hoose the system size L muh larger than the
ridge width 2 r, i.e., L ≫ r. Moreover, the saled thik-
ness of the lm outside the ridge should be lose to its
equilibrium value 1, whih requires r θ¯ ≫ 1/8, indepen-
dently of L. As long as these two riteria are satised,
the exess ross-setion Vex will be, by onstrution, in-
dependent of the system size 2L.
As we shall show in Se. V,
dP
dV and
∫
Q dx are two
key quantities whih determine the stability of the liquid
ridge. To a good approximation both should be indepen-
dent of the system size.
For the pressure P this means that the derivative with
respet to the total ross-setion V should be approxi-
mately equal to the derivative with respet to the exess
ross-setion Vex. From Eqs. (14) and (15) one obtains
the ratio of the derivatives with respet to Vex and V :
dP
dVex
(
dP
dV
)−1
=
dV
dVex
= 1 + 2L
d
dVex
(
P
8θ¯2
)
= 1− 3L
16 θ¯2 r3
, (16)
where the substrate harateristis L and θ¯ are kept
onstant. This poses an upper bound on the system
size: 3L ≪ 16 θ¯2 r3, whih quanties the lateral nite-
size eet outlined in Se. II: if the width 2 r of a
ridge is small enough with respet to the total system
size 2L, the surrounding lm an drain liquid from the
ridge while aquiring less additional pressure than the
shrunk ridge. This basi instability of stationary ridges
(or drops) on arbitrarily large substrates is a onsequene
of the smoothly varying eetive interfae potential Φ.
For the shape given in Eq. (12) one an also alulate
the integral over x of the mobility fator Q(H) = H
3
3 .
For suiently large ridges (suh that P is small and
thus the lm thikness is lose to 1, i.e., r θ¯ ≫ 1/8) one
obtains
L∫
−L
Q [H(x)] dx =
2L
3
+
2
3
θ¯r2+
4
15
θ¯2r3+
4
105
θ¯3r4. (17)
The last term on the right-hand side is the exess mobility
integral whih an be written in terms of Vex =
2
3 θ¯r
2
as
[∫
Qdx
]
ex
=
L∫
−L
Q [H(x)−Hfilm] dx = 3 θ¯
35
V 2ex. (18)
The seond and the third term on the right hand side
of Eq. (17) are negligible: the respetive ratios with the
exess mobility integral are ∝ (θ¯ r)−2 and ∝ (θ¯ r)−1, re-
spetively, and hene small in the limit of large r onsid-
ered here (see above). For θ¯3r4 ≫ 352 L the exess mo-
bility integral dominates the ontribution from the lm.
A similar argument an be formulated in the presene of
slippage at the substrate, i.e., for a more general expres-
sion of Q.
The lower bound on L is thus ∝ r (so that the liquid
ridge does not interfere with its periodi images), while
the upper bounds are ∝ r3 [see the text after Eq. (16)℄
and ∝ r4 (see above). This implies that for every large
enough r one an nd a range of system sizes L within
whih the key quantities of the linear stability (as dis-
ussed in the following setion) are independent of L and
of the marosopi ridge ross-setion Vex.
V. LINEAR STABILITY ANALYSIS
In order to assess the stability of a liquid ridge on a
hemial hannel, we onsider the time evolution of small
perturbations of the stationary lm thikness as well as
7the orresponding small perturbations of the pressure
and the ows. Sine the base state is translationally in-
variant in the y diretion, we onsider perturbations with
the form of plane waves:
H˜(x, y, t) = H(x) + ε h(x) eω t−i k y, (19a)
P˜ (x, y, t) = P + ε p(x) eω t−i k y, (19b)
J˜x(x, y, t) = 0 + ε jx(x) e
ω t−i k y, (19)
J˜y(x, y, t) = Jy(x) + ε jy(x) e
ω t−i k y, (19d)
with ε ≪ 1 . Insertion into Eqs. (7a-) and expansion
to rst order in ε leads to the following linear eigenvalue
problem for the omplex growth rate ω(k):
ω(k)h = −djx
dx
− k2Qp+ i k g dQ
dH˜
∣∣∣∣
H
h , (20a)
jx = −Q dp
dx
, (20b)
p =
(
k2 − ∂Π
∂H˜
∣∣∣∣
H
)
h− dh
′
dx
, (20)
h′ =
dh
dx
. (20d)
In order to solve this problem numerially by ontin-
uation from a simple onguration, one must integrate
Eq. (11) for the stationary prole and the linearized equa-
tions (20) together. As in Se. (IV), we render the system
autonomous by introduing s = xL and onverting x into
a omponent of the solution vetor. This leads to the
following rst-order system of non-linear equations:
d
ds

x
H
H ′
h
h′
p
jx

= L

1
H ′
−Π− P
h′(
k2 − ∂Π∂H
)
h− p
−jx/Q
−
(
ω − ikg dQdH
)
h− k2Qp

. (21)
We note that h, h′, p, and jx are in general omplex
valued funtions of s. Only for g = 0 there are real
solutions.
The spetrum is semi-disrete. The wavevetor k
along the y diretion is ontinuous, while the solutions of
Eq. (21) for a given k are generated by a disrete family
of modes due to the nite lateral extent L. We are pri-
marily interested in the variose or pearling mode, whih
is obtained by ontinuation from the fundamental sym-
metri mode, whih in the simple ase of a homogeneous
substrate overed by a lm of thikness H = 1 orre-
sponds to perturbations in the y diretion only:
h = 1 , (22)
jx = 0 , (23)
p = k2 + 6A , (24)
ω(k) = ikg − k2 (k2 + 6A) . (25)
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FIG. 4: Part (a) shows the (P, V
ex
) diagram of the station-
ary solutions for a given substrate heterogeneity (A
in
= 1,
A
out
= 4, w = 10, x0 = 50; ompare Fig. 3). In this ase the
hemial steps are sharp enough for a hange of sign of
dP
dV
ex
in
a nite interval of exess ross setions Vex. As funtion of Vex
part (b) shows the growth rate Reω(k;V
ex
) [divided by k2 and
multiplied by P (V
ex
)℄ of long-wavelength variose modes for
several small values of k. The stability window of the vari-
ose mode orresponds to the range where
dP
dV
ex
> 0. Note
that for small wave numbers k and large V
ex
, P ω(V
ex
, k)/k2
approahes a plateau [with a value predited by Eq. (35) to
be
9
35
= 0.26; for large Vex one has θ¯
2
eq = 3Aout/4 = 3, whih
is onsistent with the observed value℄. On the present sales
the urves for k . 10−3 would be barely distinguishable from
the one for k = 10−3. For k = 0.01 a typial stabilization an
be seen for Vex & 17000, as the wavelength orresponding to
k beomes short with respet to the ridge width. For k = 0.1
a nite-size eet is observed for Vex & 2500: in this ase the
mode does no longer orrespond to a bulging of the ridge but
to system-wide perturbations of the lm, whih are stable.
Sine A = 43 θ¯
2 > 0, Reω = −k2 (k2 + 6A) < 0 and for
any k 6= 0 the fundamental symmetri mode is unondi-
tionally stable on a homogeneous substrate overed by a
at residual lm. It is only in homogeneous situations
that this mode (i.e., a plane wave along the y-diretion)
has no nodes along the x-diretion [see, .f., Eq. (30)℄.
A. Systems without drive: g = 0
The Rayleigh-Plateau instability ours for long wave-
lengths, i.e., k → 0. For large k, however, surfae tension
will stabilize all perturbations and we expet ω(k) ∼ −k4
in this limit. In order to assess the stability of a liquid
ridge, we therefore fous on the limit k → 0. Sine the
mode with k = 0 is marginally stable due to volume on-
servation, we have to infer the stability or instability of
a ridge from the eigenvalue for small nonzero values of k.
Figure 4 shows the pressure P for a hemial hannel
with w = 10 [ompare Fig. 3(b)℄ and the (purely real)
growth rate ω of long-wavelength perturbations [deter-
mined numerially by solving Eq. (21)℄ as a funtion of
8the exess ross-setion Vex. We emphasize two features
of this gure.
First, the juxtaposition of the two graphs learly sug-
gests
dP
dVex
> 0 as a stability riterion for large-wavelength
deformations of the ridge. All long-wavelength modes
possess a stability domain [ω(k;V
ex
) < 0℄, whih inludes
the range of Vex for whih
dP
dVex
> 0. These are also the
ross-setions for whih the edges of the ridge are pinned
at the hannel edge (see Fig. 3).
Seond, for values of Vex for whih the edges of the
base state of the liquid ridge are well outside the hemi-
al hannel, ω(Vex, k)P (Vex)/k
2
onverges to a onstant
independent of Vex for k → 0. This is harateristi for
ridges resting on homogeneous substrates, and we shall
derive a orresponding analyti expression below.
The rst observation has a simple explanation. A long
wavelength perturbation orresponds to a periodi ar-
rangement of liquid bumps separated by thinned regions.
For small k, the transition regions between the bumps
and the thinned regions an be ignored and the pressure
in suh a bump is approximately given by the pressure
in a homogeneous ridge of orresponding ross setion.
If
dP
dV > 0, the pressure in the thiker part will be larger
than in the thinner part and the liquid will ow from the
bump to the thin part, leveling the perturbation. If, on
the other hand,
dP
dV < 0, the pressure in the bump will be
smaller than in the thin part, the bump will be inated
(for the same reason as a small soap bubble inates a
larger one), and the perturbation will grow.
In the following we shall onrm the phenomenologial
stability riterion
dP
dV > 0 by a perturbation analysis for
small k of the eigenvalue problem formulated in Eq. (20).
To this end, for g = 0 we write Eq. (20) as a dierential
equation of fourth order for h(x; k):
ω(k)h(x; k) =
(
Fˆ + Kˆ
)
h(x; k) (26)
with the k-independent linear operator
Fˆ = − ∂
∂x
Q(H)
∂
∂x
(
∂Π
∂H
+
∂2
∂x2
)
(27)
and the k-dependent linear operator
Kˆ = k2Q(H)
(
∂Π
∂H
+
∂
∂x2
− k2
)
+ k2
∂
∂x
[
Q(H)
∂
∂x
]
.
(28)
Both Fˆ and Kˆ at on h(x; k) via multipliation fol-
lowed by
∂
∂x . With the usual salar produt 〈φ|ψ〉 =
1
2L
∫ L
−L
φ¯(x)ψ(x) dx in the spae of 2L-periodi omplex
valued funtions, where the overbar indiates omplex
onjugation, the adjoint operator to Fˆ is
Fˆ † = −
(
∂Π
∂H
+
∂2
∂x2
)
∂
∂x
[
Q(H)
∂
∂x
]
. (29)
By onstrution, Fˆ and Fˆ † have the same disrete spe-
trum of eigenvalues ωn(k = 0) and the eigenfuntions
fn(x) (of Fˆ ) and f
∗
n(x) (of Fˆ
†
, also alled left eigenfun-
tions of Fˆ ) to dierent eigenvalues are orthogonal, i.e.,
〈f∗n|fm〉 = δnm. (Reall that f¯n, not f∗n, is the omplex
onjugate to fn.) Sine both operators ommute with the
parity operator, in the following we an restrit our anal-
ysis to modes symmetri with respet to x = 0. As we
already observed for the numerial solution, the mode rel-
evant for the pearling instability is the fundamental sym-
metri mode. By dierentiating Eq. (11) with respet to
P one an show that dHdP (x) =
dH
dV (x)/
dP
dV is an eigenfun-
tion of Fˆ orresponding to the eigenvalue ω0(k = 0) = 0.
The normalized set of fundamental modes is then
f0(x) = 2L
dH(x)
dV
and f∗0 (x) = 1 . (30)
Although f0(x) is the fundamental mode, in the interval
[0, L] it an have a (single) zero at the edge of the ridge.
On the ridge
dH(x)
dV is positive, whereas on the surround-
ing at lm it is negative if
dP
dV < 0. One an show that〈f∗0 |f0〉 = 1 by swapping the integration with respet to
x and the dierentiation with respet to V . The model
shape given by Eq. (12), where Hfilm = 1 + P/
(
8 θ¯2eq
)
,
provides an instrutive illustration.
For small k, we assume that the fundamental eigen-
mode h0 (x; k) diers only slightly from f0(x) and we
an expand it (up to a normalization onstant whih we
do not need to onsider) in terms of eigenfuntions of Fˆ :
h0(x; k) = f0(x) +
∑
n>0
an(k) fn(x) , (31)
with expansion oeients an(k) of order k. One obtains
the lowest order orretion to ω0(k) by inserting h0(x; k)
from Eq. (31) into Eq. (26) and projeting the result onto
f∗0 , keeping only terms up to order k
2
. With 〈f∗0 |f0〉 = 1
one nds
ω0(k) = ω0(0) + k
2
〈
f∗0
∣∣∣∣Q(H)( ∂Π∂H + ∂2∂x2
)
f0
〉
+ k2
〈
f∗0
∣∣∣∣ ∂∂x
[
Q(H)
∂
∂x
f0
]〉
. (32)
The nature of f0 implies ω0(0) = 0 as detailed previously.
The integrand in the salar produt in the last term is
a total derivative so that for a 2L-periodi funtion this
term vanishes. For the rst salar produt on the right
hand side the integrand redues to Q(H) dPdV whih im-
plies
ω0(k) = −k2 dP
dV
L∫
−L
Q [H(x)] dx . (33)
We note that Eq. (33) is valid for a general expression of
the mobility fator Q(H), not only for the no-slip ase
studied numerially. In general the veloity eld is suh
thatQ(H) > 0, so that the integral in Eq. (33) is positive.
9This onrms the observation made for the numerial
solution and supports the heuristi argument given at
the beginning of this subsetion, i.e., that the stationary
ridge is stable for
dP
dV > 0. A similar disussion an be
arried out for a more general mobility fator whih ould
depend expliitly on x.
For the marosopi ridge desribed by Eq. (12) one
has
dP
dV ≈ dPdVex = dPdr /
dVex
dr . The generalization of
Eq. (15) to heterogeneous substrates by introduing an
eetive loal ontat angle θ¯eq(x) leads, at the ridge
edge (x = r), to P = θ¯eq(r)/r and Vex =
2
3 r
2 θ¯eq(r).
Sine the equilibrium ontat angle inside the hannel is
smaller than outside one has dθ¯eq(r)/dr > 0 and there-
fore dVex/dr > 0. However, the pressure as a funtion
of the half ridge width r an be nonmonotonous. From
dP
dr =
[
dθ¯eq(r)/dr − θ¯eq(r)/r
]
/r one obtains as a maro-
sopi stability riterion
1
θ¯eq(r)
dθ¯eq(r)
dr
=
d ln θ¯eq(r)
dr
>
1
r
. (34)
For a homogeneous substrate ω0(k) an be determined
in the marosopi limit disussed in Se. IV. For a given
ontat angle θ¯eq Eqs. (15) and (18) yield
ω0(k) = k
2 1
7
√
3 θ¯5eq
2
√
V
ex
= k2
θ¯4eq
35
1
P
(35)
as a funtion of V
ex
or P , respetively. These relations
provide an understanding for the numerial observation
in Fig. 4 that for small k the growth rate resaled by k2/P
approahes a onstant as Vex →∞, i.e., in the limit of a
homogeneous substrate.
B. Systems with drive: g 6= 0
Figure 5(b) shows the isolines Re ω(k; g, V
ex
) = 0 in
the g-V
ex
-plane for several values of k. For g = 0, the
orresponding values of Vex are the zeros of the urves
in Fig. 4(b), repeated for onveniene in Fig. 5(a). For
small values of k > 0, as funtion of g the isolines follow
the two horizontal lines, whih mark the lower and upper
ross-setions for whih
dP
dV
ex
= 0, up to larger values of
g before they turn away from these lines. However, they
never penetrate the range of ross-setions between the
two horizontal lines. Thus ridges in this range of exess
ross-setions remain stable also under drive. For ridges
with Vex outside of this range Fig. 5(b) leads to the fol-
lowing onjetures. For any Vex, modes with a given k
are stabilized by a large enough drive g > gc(k, Vex) (see
below). On the other hand, for every ridge and every
nite value of g there is a suiently small wave number
kc(g, Vex) suh that modes with smaller wave numbers
k < kc(g, Vex) are unstable. Therefore drive annot stabi-
lize a liquid ridge versus pearling as suh, but it shifts the
ritial wavelength for the onset of instability to larger
values. Hene with driven ow we expet the appearane
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Other ridges are unstable with respet to pearling, with the
marginally stable wavelength depending on the drive. The
hannel parameters are the same as in Fig. 4.
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FIG. 6: (a) Curve of marginal stability, Re ω(k; g, V
ex
) = 0,
in the g-k-plane (full line) for V
ex
= 104 (i.e., outside the
stability region for g = 0, see Fig. 5) and the same hannel
parameters as in Figs. 4 and 5. For large g, the drive required
to stabilize modes with large wavelengths is proportional to
1/k. The straight dashed line is a t k ∝ 1/g to the urve for
g > 103. (b) The growth rate Re ω(k; g, V
ex
) as funtion of
g k for the same ridge and several values g. For large g the
urves approah a limiting urve ω∞(g k;Vex), whih depends
on g and k only via the produt g k.
of larger pearls whih also emerge further apart from eah
other.
For g 6= 0 one needs the full eigenvalue spetrum ωn(k),
for all n ≥ 0, in order to ompute the lowest order or-
retion to ω0(0) for small k in the perturbation analy-
sis presented in Subse. VA. However, for large g and
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small k we expet that the last term in Eq. (20a), i.e.,
the term proportional to g, dominates the eigenvalue
problem, whih turns ω(k, g) into a funtion of g k. We
have onrmed this expetation numerially. Figure 6(a)
shows the stability boundary for a given ridge ross-
setion Vex in the g-k-plane. For large g the ritial wave
number kc(g, Vex), for whih Reω [kc(g, Vex); g, Vex] = 0,
is indeed proportional to 1/g . Modes with smaller k
(or longer wavelength) require a larger drive to be sta-
bilized. However, for every drive g there are unstable
modes. For a given ross-setion Vex and inreasing val-
ues of g Fig. 6(b) shows the growth rate Reω(k; g, Vex) as
a funtion of g k for inreasing values of g. As expeted
the urves onverge to a limiting urve ω∞(g k;Vex). In-
terestingly, ω∞(g k;Vex) ∼ (g k)2 for large as well as for
small values of g k, but with dierent prefators (positive
for gk . 10−10, negative for gk & 10−9).
VI. SUMMARY AND CONCLUSIONS
As illustrated in Fig. 1, we have used the lubria-
tion approximation in order to analyze the stability of
nonvolatile liquid ridges versus pearling in the ase of
driven ow along a hemial stripe with smooth edges
(see Fig. 2). Suh ridges an be stable versus pearling
even though their ontat lines are not ompletely pinned
(see Fig. 3). In an analyti perturbation analysis for
small wave numbers k as well as numerially (see Fig. 4)
we have onrmed
dP
dV > 0 as the orresponding stability
riterion, i.e., a ridge is stable versus pearling if the pres-
sure P in the ridge inreases with its ross-setion V . If
the ridge is guided by a hemial hannel with smooth
edges, whih an be haraterized by a laterally varying
eetive ontat angle θeq(x), we nd the stability rite-
rion
d ln θeq(x)
dx >
1
x where x is the lateral distane from
the enter of the stripe. This riterion for the hemial
design of the stripe also holds if a body fore aligned with
the hannel drives the liquid.
We nd a stabilizing eet of drive (see Fig. 5). Sta-
ble modes remain stable under drive but the ritial
wavenumbers kc (suh that modes with k < kc are unsta-
ble) derease with drive. Therefore, whenever the ridge
is indeed subjet to the pearling instability, we expet
the size of the emerging pearls and the distane between
them to inrease with drive. For any nite drive, there is
a nonzero range of long wavelengths for whih the modes
are unstable. Hene the pearling instability annot be
suppressed by ow. These ndings are in agreement with
the results in Ref. [13℄ for well-lled ridges with large on-
tat angles ≥ 90◦ and a xed ontat line. However, in
ontrast to the ase of well-lled ridges, in the thin lm
limit the maximum of the growth rate Re ω of unstable
modes does not inrease with drive (see Fig. 6).
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